Abstract -As semiconductor devices become smaller, it is expected that the relevant temporal and spatial time scales in these devices become sufficiently small that the semi-classical approach to transport theory, as embodied in the Boltzmann transport equation (BTE), is no longer valid. The temporal and spatial transient response in fact lasts for a sizable fraction of the transit time of the carriers through the device. Thus, kinetic transport equations must be developed that are properly retarded to include memory functional and non-zero collision duration effects. In this paper, properly retarded transport equations are derived from a basic quantum transport equation and kinetic equations for dynamic observables such as momentum and energy are developed.
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1. Introduction.-Essentially all theoretical investigations of hot electron transport in semiconductors are based on a one-electron transport equation, usually the Boltzmann transport equation (BTE) [1] . Indeed, the overriding theoretical concern in such high-field transport is primarily the solution of the transport equation to ascertain the form which the distribution function takes in the presence of the electric field. However, for transport purposes, this is not an end product, since integrals must be carried out over the distribution function in order to evaluate the transport coefficients. In applications to semiconductor devices, however, the full solution of the BTE is usually too complicated to determine at each spatial point within the device, and transport equations for relevant observables such as energy and momentum are preferred [2, 3] . Such transport equations are obtained by taking moments of the BTE and these directly relate to the normal hydrodynamic semiconductor equations. In general, the complicated nature of the BTE precludes solving it analytically, and the existence of the various moment equations is based upon K This work supported in part by the U.S. Office of Naval Research
Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1981730 a number of assumptions, t h e most common of which is t h a t t h e d i s t r i b u t i o n function can be represented a s a displaced Maxwellian [4] .
I n small semiconductor devices, however, t h e time s c a l e s a r e such t h a t t h e use of t h e BTE must b e questioned [5] . T r a d i t i o n a l semi-classical approaches, such a s t h a t of t h e BTE, assume t h a t t h e response of t h e c a r r i e r s t o any applied f o r c e occurs simultaneously with t h e applied force, even though t h e system may undergo subsequent r e l a x a t i o n t o a nonequilibrium steady-state. On t h e short-time s c a l e though, a t r u l y c a u s a l theory introduces memory e f f e c t s which lead t o convolution i n t e g r a l s i n t h e t r a n s p o r t c o e f f i c i e n t s 16-10], so t h a t t h e r e s u l t a n t k i n e t i c equat i o n i s not of t h e Markovian type. For t h e steady-state, t h i s r e s u l t s i n a c o l l is i o n operator t h a t depends upon t h e frequency of t h e d r i v i n g f i e l d . The problem i s complicated a s w e l l by t h e f a c t t h a t t h e time s c a l e s of i n t e r e s t a r e usually s u f f ic i e n t l y s h o r t t h a t t h e c o l l i s i o n duration T i s no longer n e g l i g i b l e i n comparison, thus leading t o f u r t h e r frequency dependences of t h e c o l l i s i o n operators. I n t h e BTE, t h e c o l l i s i o n terms assume point c o l l i s i o n s of zero duration, which i s f i n e when t h e mean time between c o l l i s i o n s i s l a r g e , but a t high f i e l d s i n small semiconductor devices, t h i s i s no longer t h e case, and c o r r e c t i o n terms must be generated t o account f o r t h e s e "memory" e f f e c t s .
Previously, we have discussed t h e development of balance equations from a modi-
based upon a f u l l quantum k i n e t i c equation. Direct and general methods f o r t h e d e r i v a t i o n of such quantum k i n e t i c equations, f o r t h e one-electron
density matrix f o r e l e c t r o n s i n phonon and o t h e r a r b i t r a r y f i e l d s of f o r c e , have existed f o r some time 1121. Such treatments avoid t h e random phase approximation and y i e l d k i n e t i c equations which indeed a r e non-Markovian. I n addition, e f f e c t s due t o i n t e r f e r e n c e between t h e d r i v i n g f i e l d s and t h e s c a t t e r e r s a r e obtained,
leading t o c o l l i s i o n a l s h i e l d i n g of t h e driving f i e l d as w e l l a s t o an i n t r a -c o l l is i o n a l f i e l d e f f e c t [12-141, which i s a disturbance of t h e s c a t t e r i n g by t h e d r i v i n g f i e l d . Using such a quantum k i n e t i c equation f o r t h e d i s t r i b u t i o n function, t h e moment equations can be obtained i n a straightforward manner and a r e modified from t h e i r more normal BTE-derived counterparts. These equations show memory e f f e c t s a s well a s a d d i t i o n a l r e t a r d a t i o n due t o the non-zero c o l l i s i o n duration. However, t h e b a s i s of t h e s e equations is s t i l l subject t o r a t h e r s t r i n g e n t approximations.

Indeed, a r a t h e r unique form must be assumed f o r t h e d i s t r i b u t i o n function [ I l l ; i t is s p e c i f i e d a s a r e t a r d e d , displaced Maxwellian of r a t h e r s p e c i a l form. It remains unclear t o what e x t e n t t h e form assumed f o r t h e d i s t r i b u t i o n function a f f e c t s t h e
r e s u l t i n g moment equations and whether t h e a c t u a l form assumed i s a proper ansatz.
The above concerns over t h e d e t a i l e d form of t h e moment equations can be removed by deriving t h e s e equations d i r e c t l y from t h e quantum t r a n s p o r t equations.
The exact s o l u t i o n s of t h e L i o u v i l l e equations d e s c r i b e t h e time evolution of a s t a t i s t i c a l ensemble a t any time i n t e r v a l a f t e r applying an e x t e r n a l f i e l d . I f t h e r a t e of i n t e r -c a r r i e r s c a t t e r i n g i s high, then a f t e r a s h o r t time i n t e r v a l T 1'
smaller than any appropriate time-scale of i n t e r e s t , t h e evolution of t h e nonequilibrium density matrix must be independent of t h e i n i t i a l d i s t r i b u t i o n , and t h e r e should be a reduction i n t h e number of parameters necessary t o describe t h e nonequilibrium response of t h e system [15] . It i s therefore p o s s i b l e t o assume a nonequilibrim s t a t i s t i c a l operator which i s smoothed i n i t s micro-fluctuations and from t h e very beginning d e s c r i b e t h e slow evolution of t h e system f o r time i n t e r v a l s which a r e l a r g e r than rl 116,171. This approach has previously been applied t o hot e l e c t r o n problems by Kalashnikov [18, 19] . By u t i l i z i n g such an approach, both t h e relevant moment equations and t h e form of t h e d i s t r i b u t i o n f u n c t i o n i t s e l f a r e obtained d i r e c t l y p r i o r t o t h e extension t o t h e semi-classical t r a n s p o r t properties.
I n t h i s paper, we review t h i s approach. The nonequilibrium density matrix and t h e moment equations a r e developed. It i s shown t h a t t h e equations obtained i n [ l l ] a r e c o r r e c t under c e r t a i n conditions, f o r which t h e assumed form of t h e d i s t r i b u t i o n function i s a l s o correct. I n t h i s treatment, a homogeneous f i e l d i s assumed, although t h e treatment i s r e a d i l y extendable t o t a k e i n t o account t h e s p a t i a l inhomogeneities of t h e system and t h e d e r i v a t i o n of t h e s c a t t e r e r s from thermal equilibrium [19], such a s i n i n t e n s e picosecond l a s e r e x c i t a t i o n and l i g h t s c a t t e r i n g
[ 201 2. The Nonequilibrium Distribution.-It i s assumed, based upon t h e work of Bugoluibov [15] , t h a t f o r time t > rl, c o r r e l a t i o n s with l i f e t i m e s l e s s than T1 Can be ignored and t h e s t a t e of t h e system may b e described by a reduced s e t of macroscopic observables Q,(t) which a r e t h e average values, over t h e nonequilibrium ensemble, of a s e t of dynamical v a r i a b l e s P These dynamical v a r i a b l e s , and t h e i r m ' conjugate f o r c e s f ( t ) , may then b e used t o define a nonequilibrium s t a t i s t i c a l m ensemble. The approach i s based upon ~o i n c a r g ' s theorem on i n t e g r a l i n v a r i a n t s generalized t o quantum systems [19, 21] . Thus, t h e system d e n s i t y matrix should b e constructable from t h e p r i n c i p l e i n v a r i a n t s of t h e system. Additionally, an auxi l i a r y ( l o c a l ) equilibrium d e n s i t y matrix p i s defined a s a quasi-equilibrium
quantity. This l a t t e r function serves a s an i d e a l i z e d i n i t i a l condition f o r t h e system a f t e r t h e randomization, characterized by rl, has occurred, and from which t h e system evolves under dynamical laws governed by i t s Hamiltonian. This means t h a t a t a l l times t > t h e nonequilibrium d e n s i t y matrix, which must s a t i s f y t h e Liouville-Von Neumann equation, i s a f u n c t i o n a l of p 0'
Thus, on a time s c a l e g r e a t e r than rl, t h e system may be characterized by t h e average values of t h e s e t of operators Pm, defined a s
where P i s t h e operator f o r the t o t a l momentum of t h e c a r r i e r s and N i s t h e c a r r i e r number operator. The term H contains t h e c a r r i e r Hamiltonian, t h e coherent p a r t of any i n t e r a c t i o n with t h e environment, and t h e c a r r i e r -c a r r i e r i n t e r a c t i o n . However,
it is assumed that carrier eigenfunctions can be chosen such that this term is diagonal. The set P in (1) is a minimal basis set, in that it is assumed here that m the lattice remains in equilibrium. The P satisfy equations of motion m where the dot over P indicates the time derivative. Thus, for m where H contains the incoherent interaction with the lattice (and environment), CP where P = H P (the carat over H in (2) and (4) .
+
The quantities B (t) satisfy the Liouville equation in the limit s -t 0 and are the m quasi-invariant portions of the products P f (t) with respect to evolution under m m the Hamiltonian H . Thus, they are integrals of motion in this limit and any statistical operator constructed from these quantities will also be an integral of Liouville's equation. The operation of taking the quasi-invariant part is also used in scattering theory to assure that retarded, causal solutions to Schrodinger's equation are used [22] . In order to assure that f (t) and Qm = <P >t (the t superm m script denotes a time-varying average) are thermodynamically oonjugate, we impose the condition where <. >t denotes an average over the nonequilibrium density matrix p(t) and <->t indicates an average over the quasi-equilibrium p ( t ) .
We can now write the nonequilibrium density operator in the form where The choice of (9) (6) and (9) It is obvious that terms of first and second order in H appear in (14) . CP Therefore, to obtain the balance equations up to second-order in the electronphonon interaction (the first non-vanishing order), we use the following iterative expansion of the density matrix: where P (t) is the quasi-equilibrium density matrix corresponding to the isolated carrier distribution at given values of the average energy and momentum.
3. The Balance Equations.-With the non-equilibrium density matrix of (16), we can now find explicit transport equations for the generalized operators. We suppose, as in (4), that the equations of motion of the operators P have the form m where the a and G a r e defined i n (4). Then, using (16) t o construct the w m(L) average, we find t h a t t t
where the l a s t te.rm has been integrated by p a r t s and the l i m i t s -t o has been taken throughout. The upper l i m i t on t h e second term on t h e right-hand side follows from the assumption t h a t f L ( t ) = 0 f o r t < 0. The quantum correlation functions a r e defined by 0 and B ( t ' ) i s given by (7) . The energy and momentum balance equations a r e then given by where 3' = Be -B, and
Over a broad i n t e r v a l of the e l e c t r i c f i e l d strength, t h e k i n e t i c energy associated with the electron d r i f t i s much smaller than the mean energy of a c a r r i e r ; i.e., 2
. Therefore, i n the expression f o r the quasi-equilibrium density matrix po(t) we may neglect the d r i f t velocity v Then the correlation functions which contain the products P and k 8'
vanish a s i n the case of thermal equilibrium [18j. Then, t h e correlation functions simplify and (20-21) become
where we have used <P > = mNvd. The remaining correlation functions are the collision-relaxation memory functions [6] , and the forms of (221, (23) The temperature is in effect a measure of the fluctuations and cannot be changed until the correlation of these fluctuations is broken up by the field.
The relaxation functions have a gain-loss structure as is well known. For example, the energy-loss rate can be written as [18] where [241 0 from time-dependent perturbation theory, and
The limit of t >> T gives g(x,t) as the collision-duration broadened joint-spectraldensity function [14] . But in high electric fields, where the duration of g(x,t) can be long, it is possible to have field acceleration during the collision due to the time variation of energy in (24) [12] [13] [14] 241 . This intra-collisional field effect can be introduced into (22), (23) by an additional retardation due to the
where r under the integral is evaluated with the long-time joint-spectral density function. Here T can be evaluated directly from the principle duration of (25).
4. Discussion.-It is clear from the present approach that the normal semiclassical belance equations can be obtained from a more accurate quantum transport approach. However, several points must be made. First, as is evident in (20) and 2 (21), the individual balance equations are a fully coupled pair unless (mv I<€>) d << 1. It is clear that a difference arises here from the semi-classical approach a s s e v e r a l treatments of semiconductor t r a n s p o r t have found t h i s term t o b e compara b l e t o I i n c e r t a i n o p e r a t i n g r e g i o n s of semiconductor devices [25, 26] .
The e x t r a terms l e a d i n g t o t h e d i r e c t coupling between t h e equations appear t o be r e s i d u a l terms from t h e f i e l d -s c a t t e r e r i n t e r f e r e n c e e f f e c t s 112,141. I n t h i s r o l e , they -Il e a d t o a memory e f f e c t which modifies t h e e f f e c t i v e mass equation a t t = 0 .
Indeed, t h e e x t r a c o r r e l a t i o n f u n c t i o n i n t h e d r i v i n g term of (22) r e p r e s e n t s t h e e f f e c t s on t h e motion i n t h e s i n g l e -p a r t i c l e space due t o i n i t i a l c o r r e l a t i o n s with o t h e r p a r t i c l e s [27] . While t h i s term i s common i n quantum t r a n s p o r t [27, 28] , i t has g e n e r a l l y been regarded a s small and n e g l i g i b l e i n c l a s s i c a l t r a n s p o r t [29, 30] . Such i s not t h e c a s e i n t h e f a s t , t r a n s i e n t response regime. The i n d i r e c t coupling appearing i n t h e r e l a x a t i o n a l c o r r e l a t i o n functions d i r e c t l y p o i n t s o u t , t h a t although t h e two c o r r e l a t i o n f u n c t i o n s d i f f e r s l i g h t l y , one cannot r e a d i l y i d e n t i f y a s o l e l y momentum r e l a x a t i o n process and a s o l e l y energy r e l a x a t i o n process.
The second c r i t i c a l p o i n t i s t h a t usage of balance equations i n which t h e coxrvolution i n t e g r a l s a r e omitted i s r e s t r i c t e d t o c a s e s of t >> T e, T~. Indeed, i n t h i s l i m i t t h e r e l a x a t i o n terms can b e s i m p l i f i e d . However, t h e use of t h e s e unr e t a r d e d s i m p l i f i c a t i o n s t o t r e a t t r a n s i e n t response,where t 5 re, T~, i s c l e a r l y i n e r r o r .
